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REPORT No. 213 



A RESUME OF THE ADVANCES IN THEORETICAL AERONAUTICS 

MADE BY IVIAX M. MUNK 

By Joseph S. Axes 
INTRODUCiTION 

la order to apply profitably the mathematical methods of hydrodynamics to aeronautical 
problems, it is necessary to make certain sunplifications in the physical conditions of the latter. 
To b^in vrfth, it is allowable in many problems, as Prandtl has so successfully shown, to treat 
the air as having constant density and as free of viscosity. But f:liig is not sufficient. It is 
also necessary to specify certain shapes for the solid bodies whose motion through the air is 
discussed, shapes suggested by the actual solids — airships or airfoils — it is true, but so chosen 
that they lead to solvable problems. 

In a valuable paper presented by Dr. Max M. Mimk, of the National Advisory Committee 
for Aeronautics, Washington, before the Delft Conference in April, 1924, these necessary sim- 
plifying assumptions are discussed in detail. It is the purpose of the present paper to present 
in 8s simple a manner as possible some of the interesting results obtained by Dr. Munk's 
methods. For fuller details and a discussion of many practical questions reference should be 
made to Munk's original papers : 

1. The AerodyTiamio Forces on Airship Hulls. N. A. C. A. Beport No. 184, 1924. 

2. Elements of the 'Wmg Section Theory and of the Wing Theory. N. A. C. A. Report No. 191, 1924. 

3. Remarks on the Pressure Distribution Over the Surface of an Ellipsoid, Moving Translationally 

Through a Perfect Fluid. N. A. G. A. Technical Note No. 196, 1924. 

4. The Minimum Induced Drag of Aerofoils. N. A. C. A. Report No. 121, 1921. 
6. General Theory of Thin Wing Sections. N. A. C. A. Report No. 142, 1922. 

6. Determination of the Angles of Attack of Zero lift and of Zero Moment, Based on Munk's Integrals. 

N. A. C. A. Technical Note No. 122, 1923. 

7. General Biplane Theory. N. A. G. A. Report No. 161, 1922. 

GENERAL PBINCIFLES OF HYDBODTNA^HCS 

In all the practical problems to be discussed, only the most general principles of hydro- 
dynamics are used and in practically aU cases the problems are reduced to questions involving 
only energy and momentum. It may be worth while to deduce the few equations necessary, 
although they are given in every testbook. 

Since air is a fluid, the pressure is everywhere perpendicular to any surface through which 
it is transferred. If u, v, w are components of the velocity of flow at any point, 

bu dv dw ^ 

since the density is considered to be constant. The entire enei^ of the flow is kinetic, and 
therefore 
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where dr is an element of volume of the fluid. By Newton's law of motion 
p^dx dy dg='^p—(^-i-^dxj^ dy dz'= — ^dx dy dz 



or 



This may be written 



^ d£ 

I' dt~ dx 

, b ipdt) 



The impulse per unit area in the time dt is, by definition, pd(^ So the infinitesimal change 

in velocity du can be considered as produced by the infinitesimal impulse pdt, and a finite 
velocity u may be considered as produced from a state of rest by the finite impulse P—J'pdt. 
where, then 

bP 



or 



Similarly, the other two components of the velocity of flow at any point will be defined by 

*=l(-f)'^4C-f) 

Flows such as this, where 

b(e b<p b<p 

are called "potential flows," and is caDed the "velocity potential." In this case, when the 
flow is considered as produced by an impulse, P, 

- (1) 

or, the impulse per unit area, equals —/xp. 

There are cases ..of. potential flow in which ^ is not a single-valued function, and in such 

P=-P ivi-Vi) (la) 

where <fii and <Pt are the values of <p at the same point. Since Vi—Vi=j^ ivdx +vdy + wds) , 

if 1 and j refer to the same point, the inliegral is called the "circulation," and, if its value is 
Hf the equation may be written P= +p/i, where P is in the direction of the flow. 

As an illustration, consider the flow discussed later, equation (41), in which, for atiy point 
on the axis of x, 

i(>=Aa sin"' a: 

The flow is a two-dimensional one, as shown in the figure. Consider an imaginary surface 
at X, having a minute length along the axis of z and unit length perpendicular to the plane 
of the paper. Let the point 1 be on the lower side of the surface and tiie point Z on the upper. 
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Fig. 1 



when the points approach, each other indefinitelj. The impulse per unit area at the point 1 
is -ppi and its action is dovmward, being perpendicular to the fluid surface below the imagi- 
nary surface; at the point & the impulse per unit area is -p*)^, acting upward, since it is 
perpendicular to the fluid surface above the imaginary surface. Therefore the total impulse 
per unit area acting downward on the fluid is 

■P=P (ft- «>i)=p2ir4o 
Again, since « 

dit di? da? ^ 
P must satisfy everywhere in the fluid the equation 

Making use again of Newton's equation, and taking into account the fact that, in general, 
«, «, and to are functions of (i, a, y, z), the general equations of motion are 

du bu . iiu , du , bu J dp 



and two similar ones for ^ 
But . 

since 

therefore 

or 



dv ,&m 



dxi . d« , bv , bio 1 bp 
ot bx bx bx p bx 

with two similar equations for y taid 2. On integration, these three equations give 

^ +^ (u* +t;» +«>»)= a constant. 
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Written diflFerently, 

In the case of a steady state ^=0, and 



p = C-|(«H«»+io') - (2) 

which is Bernouilh's famous theorem. If tiiere is a portion of space in which the fluid is at rest, 
the pressure there equals O. 

The work done by an impulse is proved in mechanics to be the product of the impulse by the 
average of the initial and final velocities in liie direction of the impulse. If a solid is moving 
through a fluid otherwise at rest, and if the existing fluid motion is considered as having been pro- 
duced from rest by impulses applied by the surface of the body, the velocity normal to any 

element of surface is ^ where dn is drawn from the body into the fluid, and the mean value of 
this and the initial zero velocity is ^ J^; furUier, the impulse, normal to the surface dS, acting on 
the fluid is — p<9 • dS. Therefore, tie Idnetic energy of tiie fluid is 

^^~'^J'P^dS, taken over the surface of the sohd body (3) 

Other general principles will be discussed as the occasion arises. 

PROBLEMS MORE SPECIALLY CONCERNING AIRSHIPS 

INTRODUCTION 

The fundamental problems concerning airships are: (1) the determination of the moments 
acting on them under varying conditions of flight; (2) the determination of the distribution of 
transverse forces; (3) the distribution of pressure over theenvdope. 

These problems can be solved, at least approxunately, by the application of certain general 
theorems. ' ..- .. 

When a body moves through a fluid otherwise at rest, there is a certain amount of kinetic 
energy of the fluid caused by the motion of the body. If the latter is moving with a velocity V 
in a definite direction, if Tis the kinetic energy of the fluid due to the motion of the body, and if 

T 

pis the density of the fluid, by definition -j — is called the "apparent additional mass" of the 

body for motion in that-particular direction, and is written K p. 

As an illustration, consider an infinitely long circular cylinder moving transversely in a 
definite direction with a velocity V. Choose this direction as the axis for a set of polar coordi- 
nates whose origin is on the axis of the moving cylinder^ The velocity of any particle of the fluid 
mil be in a plane perpendicular to the axis of the cylinder, so the flow is called two-dimensional, or 
uniplanar. A particle in contact with the cylinder must have the same component of velocity 
normal to the cylinder as the wall of the cylinder at that point. So, if r and 8 are the polar 
coordinates of any point of the fluid in a particular transverse plane, and it Bia the radius of 
the cylinder, this condition may be expressed by writing 

if do denotes the point on the cylinder. This leads at-once to the value of <p for any point in 
the fluid, r, fl, viz 

FB« cos 
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for it may be proved that this satisfies both 

and the condition just expressed for the surface of the cylinder. Hence the kinetic enei^ of 
flow 



dS 



becomes, since at r=R, ^= - VB cos Og, ^= Fcos 0o and dS=BdeJi, where h is any length 
desired of the cylinder, 

Cbnsequently the apparent additional mass is 

— f»rm, 
- F* 

i. e., is the mass of the fluid displaced by the cylinder. This is sometimes expressed, with 
reference to the two-dimensional flow, by saying that the "apparent mass of a circle is pxR^." 

It mil be proved later that if a plane lamina inflnite in length and of width 6 is moving 
transversely with, a velocity V, the flow being again two dimensional, the apparent additional 

mass of a length h of the lamina is />«• h (the same as for a circular cylinder whose diameter 

is h.) So the apparent transverse mass of a straight line of length 6 is pr in a two-dimen- 
sional flow, tbia really being the apparent mass of a portion of length unity of an infinitely long 
lamina whose width is 5. 

If a body is moving in a definite direction with a constant velocity, the flow accompanies 
the body, so (hat the kinetic enei^ does not change, therefore there is no drag, which would 
absorb enei^y. Further, if the flow gives lise to a single-valued velocity potential, there is no 
lift. .(See a later section.) But although, therefore, the resultant force is zero, there may be 
a moment acting on the body. 

This may best be seen by a consideration of the momentum of the flow. When the body 
is moving with the velocity F in a definite direction, let there be a component of momentum 
of flow perpendicular to thus direction and let its amount be ApV. Then, with reference to 
any axis perpendicular to the plane including the line of velocity and the direction of the com- 
ponent of momentimi, there is a certain moment of momentum; and, as the body moves a dis- 
tance Fin a unit time, this moment of momentum increases in that time by an amount F- Ap V. 
An equal but opposite moment around the specified axis must, therefore, be acting on the body. 
Hence, moment = velocity of body X component of momentum of flow perpendicular to the 
axis of the moment and to the direction of the velocity. The "sense" of the moment is easfly 
seen. 

Conversely, if the body does not experience any moment, the momentum of the flow must 
be entirely in the line of motion of the body. 

If a solid body is held stationary in a imiform flow, the kinetic energy of the entire infinite 
flow is of course infinite, but less than it would be if the body were absent, owing to two reasons: 
(1) The solid displaces an equal volume of the fluid, which otherwise would be in motion; (2) the 
vdocity of the flow is reduced in front of and behind the body. This decrease in kinetic energy 
for a definite velocity of flow equals the kinetic enei^ of the total flow if the solid is moving 
in a stationary fluid with the same velocity as the velocity of flow in the first case. 
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When the solid is at rest in a uniform flow, let4t be turned slightly through an angle da 
about a definite axis; if there is a moment about this axis acting on the body in such a sense 
that it opposes the rotation da, work will be required to turn the body, and kinetic energy 
of the fluid, T', wiU increase by an amount equal to the product of this moment and the angular 
displacement. Similarly, if tiie moment is in the same sense as da, — dT'= Mda. Therefore, 
if now the body is moving through a stationary fluid, Mda=dT, since <Zr= —dT'. Hence 

*-3^-— --«) 

where M. is the moment acting on the body around a definite axis, in the same "sense", as da, 
the angular displacement around this axis. 

If, therefore, for a given direction of motion, Tis a maximum, a slight change da. would result 
in a decrease of T, and M would be n^ative, indicating a moment acting on tiie body in sucli a 
sense as to oppose the change da. Such a direction of motion would therefore be one of stable 
equihbrium. Similarly, if 7 is a minimum for a given line of motion, there is unstable equi- 
librium. 

In general, if any motion is generated from rest by an impulse, the work done equals the prod- 
uct of the impulse by half the component of the velocity in the direction of the impulse. The 
impulse equals the momentum; therefore, tbe kinetic energy equals one-half the scalar product 
of the momentum and the velocity. This theorem may be applied to the fluid motions produced 
by the motion of solids through them, • . 

A body gives rise to a definite kinetic energy of flow if it has a constant velocity in a specified 
direction; and, if its motion is reversed, it will give rise to the same amount, because the flow at 
each point of the fluid is reversed. (This is evident because the effect of the presence of tlie 
solid body when at rest in a stream of fluid may be duplicated by a certain distribution of 
sources and sinks, giving rise to the same field of velocity potential as before, outside the space 
previously occupied by the solid; then, if the stream is reversed and each source is m^ade into a 
sink of an equal strength and vice versa, the potential field is exactly reversed, so that the 
velocity at each point is reversed.) The kinetic energy is different for directions of motion otlier 
than as specified, but it is always a positive number. Therefore, as the orientation of the line 
of motion of the body is changed from some definite one to its opposite, there must be two 
lines of motion — somewhere between — ^for one of which the kinetic energy is a maximum and 
for the other of which it is a minimum. For motion in either of these directions, therefore, 
hT=0; that is, for any small angular displacement ha around an axis perpendicular to the 
direction of motion S T= 0. Consequently tiiere is no moment acting on the body if it is moving 
in either of these two directions; and the body may therefore be said to be in equilibrium, 
stable if T is. a maximum and unstable if T is a mimmum. 

Let a body be moving with a velocity V in such a direction that it is in equilibrium; call 
the direction Z. The momentum of the flow must be in the same direction, otherwise there 




FlO. 2 

would be a moment; call its value K^pV. Keeping the orientation of tlie body unchanged, 
make the linejof motion with the velocity V perpendicular to ^, i. e. along S; let the com- 
ponent along B of the momentum of the flow be caUed Cp V, its component along 3 be called 
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Dp V, and its component perpendictilar to the plane of A and "B be called Ep Y. Again, let its line 
of motion -with velocity F be in the plane of 3" and B, making an angle a with X Then the 
momentxim along A, which may be written 0^ has the value 

Gi_ = Zjp F cos a + Z?p F sin a. Similarly, along 5 
Gb= OpV am a; and, perpendicxilar to the plane of AB, 
G^^=EpVsiaa 

also 

Fi=F cos a 
Fb= Fsin tx 

Consequently the kinetic energy of the flow, which equals one-half the scalar product of the 
momentum and the velocity, is given by the equation 

r=| P (Zi COS" a+ Csin» o+ILsin a cos a) 

Under these circumstances the moment acting on the body around an axis perpendicular to the 
plane of A and B is 

F» ((C- Z,) sin £a+D cos £a) 

But if a=0, M=0, since Z is a line of equilibrium, therrfore D=0. Consequently, when the 
body is moving in a direction "S at right angles to — ^a line of equilibrium, there is_a component 
of momentum &pF along Sand a component j^pF perpendicular to the plane of ^ and^, but 
none parallel to X If the body is now rotated about the line A, through 180°, and again set 
moving^along S with a velocity F, the momentum will have a component of momentum CpV 
along B, and a COTaponent — J?p F perpendicular to the plane J. and B. Therefore, as the body 
is rotated about ^ as an axis, there must be some definite orientation such that, for a velocity 
along B, the component of momentum perpendicular to the plane of 3 and B is zero. For this 
orientation, then, the momentum is entirely along B. Therefore, the present location of A and B 
with reference to the body are what may be called "axes of equilibrium." They are at right 
angles to each other. Similarly, it wiQ be possible to find a third axis of eqmhbrium which is 
perpendicular to the other two. Every body possesses, therefore, three mutually perpendicular 
axes of equilibrium, and, in general, no more. Let the apparent additional masses with reference 
to these three axes be called E^p, K^p, K^p; that is, if Fj, Fj, F, are the components of Fwith 
reference to these same axes, the flow momenta parallel to these axes are E^Vi, Z^pFj, Z^pF,. 
Consequently the kinetic energy of the flow is 

T=gp (Z,F,'+ W+SiF.*) (5) 

The moment acting upon the body is determined by the equations previously given. If 
the line of velocity is in a plane inducing two axes of equilibriimi, the equations are specially 
simple. Let the velocity make the angle a with the axis 1; then 

<?! = Zip F cos a; G,= Z^Fsina; 0^=0. 

The component perpendicular to F is 

ZjpFsinacosa— ZipFcosasin a=3-F(j^— ^) sinj8a 
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and therefore the moment=| P {E^- sin 2a. His is about an axis perpendicular to the 
plane of 1 and 2 and ia clockwise. (Of course, if it is actual counterclockwiae.) 




Fio.S 



As stated above, the three "principal" momenta of the flow are E^p\\, ^,p7„ JTjpF,, 
where 7,, 7„ 7a are the components of the velocity Y. But if the localized vector is formed 
which represents K^pV^, i. e., the resultant of the parallel vectors representing the components 
of the momentum along this axis of each individual particle of the fluid; and similarly the 
localized vectors representing E^pVt and E^V^, it will be found that, in general, these three 
localized vectors do not pass through a common point. Therefore they can not be compounded 
to form a single localized vector, and we can not in general speak of " the momentum" of the 
flow. If, however, the moving body is one of revolution, or if it has three mutually perpendicular 
planes of symmetry, then there is a point common to the three lines of action of the principal 
momenta, and it is called the "aerodynamic center." In this case we may speak of "the flow- 
momentum" 6, and our previous formulas for moments and kinetic enei^ may be written 



M=\Q.V\ 



.(6) 
.(7) 



MOMENTS AND FOBCES ACTING ON AlESfflPS 

Airships may often be considered as having surfaces of revolution described by rotation 
about tite longitudinal axis. The central portion of an airship may be considered as a circular 
cylinder, and therefore, from what has been proved for circular cylinders, 
the transverse apparent mass of the airship equals the mass of the fluid 
displaced, approximately. The longitudinal mass is small, because in 
longitudinal motion of the airship the air displaced by the bow escapes 
transversely on the whole and the air flowing in at the stem also flowB in 
transversely, so that the momentum of the air in the direction of motion is 
small. On the other hand, when the airship moves transversely, the air in 
a transverse layer perpendicular to the longitudinal axis remains in the 
layer, so that the flow is a two-dimensional one about a circle. This is true 
near the central portion of the airship and approximately so elsewhere. 
Call the longitudinal apparent mass E^p, the transverse apparent mass Kj). 

Eet^ the airship move in a straight line with a velocity 7 having an 
angle of yaw (or pitch) <p. The longitudinal momentum = 7 cos <p- E^p; 
the transverse momentum = 7 sin ip'E^', hence the component perpendicular to the line of 

7is| 7 sin 2ip, and the moment acting on the airship is 




FIO.4 



Jf=|7» (iE,-Z,) sin 2^. 



(8) 
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about an axis perpendicular to the plane including F and the longitudinal axis and is of such a 
"sense" as to increase <p. It is therefore called the "unstable" moment. 

Let the airship move in a horizontal circle of radius r, with a velocity V and at an angle of 
yaw (p. Call the " apparent moment of inertia" about a transverse axis through the aerodynamic 

center K'p. The longitudinal velocity is F cos the transverse velocity is F sin <p; and the 

y 

angular velocity is — • Therefore, the longitudinal momentum is KipY cos «>; the transverse 

V 

momentum is jS^pV sin ip, and the angular momentum, which remains constant, is K'p —• 

Since the aerodynamic center moves in a circle, the resultant force acting on the fluid must 
always pass through the center of this cirde. During the motion the two components of momen- 

tum remain constant in amount but their directions rotate with the angular velocity — - If 

a vector representing momentum G rotates with an angular velocity a, a force Ga must be 




Ft 



Tia.S 

acting perpendicular to the line of G. Therefore there must be acting on the fluid (IJ a tran^ 
verse force F^, opposite in direction to the transverse momentum, equal to K^pV cos <p ■ —> 
(2) a longitudinal force F„ in the same direction as the longitudinal momentum, equal to E^pV 
sin a> ' — • The moment of these forces about an axis through the aerodynamic center, perpen- 

dicular to the plane of the motion is K^) | P sin Sip. This moment, acting on the fluid, 

is clockwise (in the drawing) ; therefore the moment acting, on the aiiship is counterclockwise, 
tending to increase <p. (There is also a " negative drag.") 

This moment is the same in amount as that foxmd for the airship in strtdght flight with 
the same angle of yaw; but the distribution of forces along the airship is different in the two 
cases, as will now be shown by making a closer analysis of the two flows. 

Consider an airship flying in a straight line with velocity F, and with an angle of pitch p 
downward. In a stationary transverse plane perpendicular to the axis, and therefore approxi- 
mately vertical, the flow may be regarded as two-dimensional, as explained before. The air- 
ship displaces a circle, which changes its size as the ship advances and also its position, owing 
to the pitch. 'The apparent mass of the two-dimensional flow Ln a layer of thickness dx, if S 
is the area of the circle, is pS dx, since the apparent transverse mass of a circular cylinder, if 
the flow is two-dimensional, is known to be equal to the mass of the fltud displaced. The trans- 
verse velocity is F sin p, and therefore the transverse momentum upward (in the drawing) 
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in the layer is pSV sm ^ dx. The rate of change of this is p7 sin • (Za • But 



dS dSdx , T7 " dS 



Hence at-any element of length dx there is a transverse force downward on the airship, given by 

|p-sin2.g<Z. 

This force is in opposite directions at the two ends, and produces the unstable moment. 

Now consider iEe airship flying with constant^vdooity V, and angle of yaw ip, in a circle 
of radius r. The transverse momentum of a layer of thickness 5a?, outward, away from the 
circle, is, as before, pSv dx, where v is the transverse velocity. This now varies with the time. 
So the rate of change of this outward momentum is 



V is made up of two terms F sin ^, due to the translation, and x, due to the rotation, where 
X is measured along the axis from the aerodynamic center. Hence 

dv dvdz 7„ dS dS^j 

dt'-SiWrF ^ f' ^^^'^ 

Thus the rate of change of the transverse fluid momentiun outward is 

pax lii —cos <p +F' ^ sm <p cos <p+ — x cos v g^j 

='(v*^8mU2l+y*^Scos^+V*fcosvx^dx (9) 

Therefore this gives the transverse force inward, toward the inside of the circle, on an element 
of length dx of the airship. 

The first of the three terms is the same as foimd for the case of straight- flight. The last 

two terms combine to form F' ^ cos ^ dx, and the resultant moment due to this force 

vanishes. The distribution of these three forces is shown in the accompanying figure. 

In discussions of apparent masses it is customary to introduce three constants, defined as 
follows: 

Zi=^:, volume; ^2=^2 volume; K'=k'J where J is the moment of inertia of the volume 
when occupied by matter of density one. 

In deducing the transverse forces on an actual airslup, it is not correct to assume that the 
transverse flow is two-dimensional, especially near, the ends. A fairly satisfactory formula 
may be obtained by multiplying each of the three terms in the approximate formula by a defi- 
nite factor, depending upon the shape of the airship. Munk adduces reasons for multiplying 
the first term by Tc^—Tc^ and the other two by Te'. (In this discussion there is omitted the trans- 
verse component of the centrifugal force produced by the air which is flowing longitudinally 
and gives rise to the longitudinal mass. It is very small.) 

What has been said above applies to airships without fins. One function of the fins is to 
counterbalance the unstable moment. If iS is the effective areaTof a pair of fins and h the total 
span, the lift exerted on them, as proved in a later section, is 
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where is the angle of attack measured in radians. If the mean distance of the fins from the 
center of the airship is written a, then, for the lift to balance the unstable moment, 



I/L= (i,— ^i) •volume • ^ V* since ^ is small. 
Hence the area of the fins 



^ J^^—lt^ - volume ^ 



Consfanf^ 




Same as ri sfraighf fKghf unefsr pitch 



Ne<3ati\^e cenfrHitqat force 




^-<rrTTT \ 



Fio. 6.— Dbgiam showing tbe dbeetton of the transTerse air fbices aotlDK on an alnhlp flrtxc 1° & baa. The three terms are to be added 

tosether 

If the ship is flying in a circle of radius r, not simply must the air force on the finsjbalance 
the unstable moment, but it must produce the force required to make the airship move in a 

circle, i. e.,p • volume • ^* This can therefore be equated to the Tmstable moment divided by a 
and hence 



p • volume 



(tj-irj . volume • | 



a 



or 



and this value may be substituted in the formulas giving the distribution of the transverse 
forces. 

SiS— 2ef 8 
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DISTRIBUTION OF PRESSURE OVER THE ENVELOPE OF AN AIRSHIP 

It is proved in Lamb's Hydrodynamics, Chapter V, that, if an ellipsoid is moving through 
a fluid with constant velocity U, parallel to a principal axis, which may be called the x-axis, 
the velocity potential of the flow at any point of its surface is 

' <p=ATJx 

where is a constant for a given ellipsoid. 

This constant A may be expressed in terms of the apparent mass of the ellipsoid for motion 
parallel to the a^axis. The kinetic enejrgy of the flow is 

T= - J pJ'</> 2^ dS over the ellipsoid. 

^ dS may obviously be replaced by U dy dz. 
Therefore — 

2'= pfA U*x dy d-z== -| V'Afx dy dz=—^ TJ*A - volume>f ellipsoid. 

But by the definition of apparent mass 

TJ%i • volume • 



Hence 



A = ^Tc„ and <p = —Tc^x 



SimUarly, if the motion of the ellipsoid is oblique, so that its velocity has the components 
17, F, F with reference to its principal axes, the velocity potential at any point of the surface is 



<P= "TcJJx-TetVy-Tc^Ws. 



(10) 



the origin of coordinates being at the center of the ellipsoid. 

The values of the fe's are given by certain definite integrals. If a, b, e are the scminxos 
of the ellipsoid, 

%i =7r—- where a =a5c r dp 

fcj=o^ where j8 = o&c f -= , u , 

^»~^_y' ■ ■ . . 



For an ellipsoid of revolution 



The following table gives values of \ and for different-elongation ratios of an ellipsoid 
of revolution. 



Length 
(diameters) 


h 

(longitu- 
dinal) 


(transTerte) 




V 

(rotation) 


1 


asoo 


0.S00 




0 


LM 


.305 


.821 




.m 


2.00 


.309 


.702 




.240 


2. SI 


.U6 


.763 




.367 


2.89 


. 132 


.803 


!b81 


.m 


3.99 


.082 


.860 


.778 


.608 


4.n 


.OSS 


.m 


.836 


.701 


6.01 


.oa 


.818' 


.873 


.764 


e.S7 


.038 


.833 


.887 


.8oa 


&01 


.029 


.045 


.016 . 


.840 


0.02 


.OZi 


.«M 


.030 


.865 


8.07 


.021 


.000 


.039 


.883 


CO 


.000 


LOOO 


tooo 


1.000 
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Simflarly, if the ellipsoid is stationary in a stream of air whose velocity has the components 
U, V, W, the velocity potential at any point on the surface is 

ip=A'Ux+B'Vy+CWz _ .(11) 

where 

and are therefore known quantities for a given ellipsoid. Further, the velocity of flow at any 
point on the surface is along the surface; and points of constant potential lie on parallel ellipses, 
intersections of the ellipsoid by the family of planes (fi=C. 

Consider the intersection of the surface of the ellipsoid by the plane ^=A'nx-i-B'Vy + 
CWg=0. At these points the gradient of is along the surface; hence the velocity of flow has 
the components A'TJjB' V, C TF. At any other point on the surface, the direction of the gradient 
is not along the surface; and, if is the constant perpendicular distance between any two planes 
whose potentials have a constant difference and if As is the shortest distance along the surface 
between the ellipses in which these planes cut the surface, A*=AJi at the first one of the points 
referred to above , while at any other point AA= As cos e, where eis the angle between the normak 
to the surface at the two points. Consequently the velocity of flow has its maximum at the 
points first described; and, calling this iw» the magnitude of the velocity at any other point 
of the surface is v^ax cos e. 

For the case of an ellipsoid of revolution the velocity at any point on the surface may 
be found by simple geometry, as follows. Call the plane through the line of general flow and 
the axis of revolution of the ellipsoid theX— Y" plane — in order to have a simple mode of descrip- 
tion. Then the transverse axis of the ellipsoid which lies in this plane is the only one which need 
be considered. The components of the velocity of the general flow are U, V, 0; hence the 
maximum velocity has the components A' TJ, B' V, 0. Let a, jS, y be the direction cosines of 
the normal to the surface at any point. At a point on the surface where the velocity of flow is 
a maximum draw a line parallel to this no]:mal, and call the component olv,nax along iiVi_ and that 
perpendicular to it v,. v, is, from what has been said before, equal to the velocity of the flow at 
the point where the normal was originally drawn. But 

^max=v*+v^*={.A' 0)* + CB'V)^= a-t +1)*IP+ a\.+i)v^ 

and 

Vi=A'U-a+B'V- j8 = (i-i+i) U- a+ {h+l)V- j8 

Hence 

v,' = gc,+l)'TP+(k, + l)'V*-((k,+l) U a+ {h+W ' |3)* -fl2) 

Then, by Bemoxiilli's theorem, viz, P + ^ P^i* = constant, the pressure may be calculated. 

With a very elongat-ed ellipsoid, i'j is small and nearly equals/. Hence J.' = i and5'=^,so . 
the components of maximum velocity are U and S V. Consequently, while the angle of attack 
Y 

is defined by tan th® direction of maximum flow makes an angle >p with the longitudinal 

£V 

axis, where tan V'^'^' Therefore ^ is about twice a. 

COKCLDSION 

Considering an airship as an ellipsoid of revolution of known volume and elongation ratio, 
so that l\, i„ and Jc' (and also and are known, 

1. The unstable moment, for an angle of yaw ^, in straight or circling flight, is 
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2. The transverae force per unit length is, where S is the cross section at-a point z, 

(a) For straight flight, 

(i,-i,)|F»sin;?p.g 

(b) For circling flight 

ih-lc^ ^V'-am %<{> ^ S cos ^ cos *»a; ^ 

3. The pressure over the envelope is given by the formula 

where, if TJ and F are the components of flight velocity with respect to the longitudinal and 
transverse axes, 

Qc, Z7' + ()fc, +i)»F»- {{\ +1) Ua + (k, +1) V ■ i3)» 

a and jS being the direction cosines of the normal to the gyrf ace at the point at which the pressure 
is to be calculated. 

PROBLEMS MORE SPECIALLY CONCERNING AIRFOILS AND AIRPLANES 

INTRODCCTION 

In outlining a theory of an airplane wing it is necessary to show how, assuming certain 
constructional data, it is possible to calculate, among other things, the lift, the drag due to other 
causes than viscosity, the pitching moment, and the rolling moment. In the simplest type of 
wing, that whose chord section is a straight line, flying at a definite angle of attack, the values 
of the lift and the pitching moment can be calculated immediately. They are seen to depend 
upon the transverse velocity of the air flow perpendicular to the chord. Similarly, in discussing 
the properties of a wing whose section is a curved line, if the distribution of the transverse 
velocity at the points of the chord is known, the lift and pitching moment may be calculated, 
as will be shown. So.the flrst essential step in the theory of the wing is to discuss mathematical 
methods of representing arbitrary distributions .of transverse velocity over the chord, and to 
deduce the nature of the consequent flow. It will be shown how the distribution of velocity 
may be so expressed .as to lead to foimulas for the lift iicd pitching moment in terms of quanti- 
ties known to the dsigner. 

In all this discussion an essential element is the angle of attack; but-it is evident that the 
geometrical angle of attack is not the effective one, owing to the fact that-the direction of the 
relative wind is affected by the presence of the wing. Owing to this modification of the air flow, 
there is a drag introduced, known aa the "induced drag," and the effective angle of attack is the 
geometrical one diminished by what is called the "induced" angle of attack. The problem is 
to calculate these and then their effect ..upon the lift. One method of approach to the problem 
is to assume as known the distribution of lift- along the span, but another and better one is to 
assume as known the angle of attack at all points along the span and to apply the general method 
to wings having particular plane forms. It wiU be seen that all these methods lead back to the 
discussion of the distribution of the transverse down-wg§h velocity along the span. 

If an airfoil has an infinite span, the flow around it when the air stream is perpendicular to 
its span may be r^arded as two-dimensional. The air particles in a longitudinal plane, i. e., 
one including the line of flow of the air stream jtnd perpendicular to the span, remain in the plane. 
Further, if an airfoil of finite span is advancinig into a transverse vertical layer of air, it imparts 
to the air velocity in this plane, so that again one can consider this transverse flow as being two- 
dimensional about a plane figure which is the projection of the airfoil on this transverse plane. 
The simplest case of jmotion in the longitudinal plane is to consider the longitudinal section of 
the airfoil to be a straight line of a length equal to the chord, and the simplest^ase of motion 
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in the transverse plane is to consider the front aspect of an airfoil to be a straight line of a length 
equal to the span. 

The importance of two-dimensional flows requires a brief statement of the properties of 
conjugate functions which are so useful in all two-dimensional problems. All the cases of flow 
to be discussed will be those described by a Telocity potential, which then satisfies the equation 

Writing z^x+iy, if 

F=f{z)^P(.x,y)+iQ(.x,y), 
P and Q are called conjugate functions, because if i^'is any analytic function 

dx'^by' by bx' 

It follows that 

bx''^by*~^' bx*^W~^ 

to that both P and Q satisfy the fundamental equation for the velocity potential, and, further 
shat 

dF^bP_ . bP 
"^^bx * by ' 

Consequently, if P is chosen as the velocity pot-ential ^, i. e., if is the real part of F, then the 
dF 

real part of ^ gives the component of the velocity at any point in the direction of the x-axis, 

dF 

and the imaginary part of gives the component of the velocity, at any point, in the negative 

direction of the y-ads. Therefore the whole motion is defined by the knowledge of F as a 
unction of the single variable 2. 

ILI.USTBA.TIOIIS OF TWO-DIMENSIONAL FLOW 

1. Let 

F=iV {z-i-yir=^ - (13) 

Then 



There are evidently two singular points 2= i. e., z=l, y^O and x=— y=0; and at 
infinity ^=(? 

Along the line joining the two singular points (—1, 0) and C+Jf, 0), y=»0; henco 

Fo=±y4T^^JriYxo 

in which the upper signs apply to points on the positive side of the line e., where y is positive), 
and conversely. Hence, for points on the line 

^"iFVI^i? 05) 
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Further, tho longitudinal velocity, i. e., the velocity along the ai-axis, is 

"•-'v^-- = 

and the transverse velocity downward is 

«„ = F ' (17) 

The general function F, which was assumed to begin with, represents, therefore, the two- 
dimensional flow around a straight line of length ;8 moving transversely downward with a velocity 
F. (Or, the general flow about a lamina, infinite in length and a width 2, moving transversely 
with velocity F.) 

Near the positive end of the line, i. e., when a;o = i— e, e being a small quantity, v = T--^^-> 

and therefore v becomes infinite on both sides of the line, but is "outward" on the lower side 

and inward on the upper. ^ 

It should be noted that in defining a function F which leads to a value <Po = ±V-yll — Xa*, 
the diference of potential between two points on opposite sides of the line is SV-\l — Xo- This 
is at once evident if polar coordinates are used. In that case, writing g=cos h, where 5 is a 
complex number, 

F-= i Fe-» = F (sin 5 +i cos 5) (13a) 

_,, dF dF dS Ve-f' V , , . ' \ 
F'=-r-=T- * T-=" — = — ?= — ■ — ? (cos 5— t sm5) (14a) 

For points on the line Ko — cos where 8o is real, and 

<!>o"=Fsin So .(15a) 

F cos 5- TT 

hence at 

y 

So = 0, ^W*=-(iI^ - -(18) 

As Xo goes from + / to — / on the upper side of the line J increased from 0 to ir; and, as the point 
returns on Ihe lower side of the line, 5 increases from v to Sr. (The flow is shown in the Figure 7.) 




Fia. 7.— Transversa iav, produced by a moTlag straight line 
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If the line has the length I, stretching from -|. to +|. o)' we may write 

^-'4(f-VMf7) — 

Then 

o 

V- z 

F' , +iV (U') 



Thus 



-±7|Vl-(f .,)'-' - -.-CW 

, T . -If. F (IC) 

/y Y 



Or, using polar coordinates, writing ^ s==cos 5, 



F=t7| c-«= f| (sin «+i cos i) _ (13'a) 

F'= — (cos i-i sin 8)... (14'a) 

sin 5 ^ 



.1 . 
2 



^„=7^sin8„ - C15'a) 



V cos 5, 

rem- 
and 



t On TT 



It has been proved that the kinetic energy of the flow is 

integrated over the moving body, where in is the normal away from the body. In the case o 
the line of length 6, moving transrersely with velocity V 

Hence, integrating over both sides, 
or writing 

cos Sa = j^Xo 

r=|P6.| [%in»So^S„=|Pr(|)' (19; 



110 BKPOBT KATIONAIj ADVBOEY COMHilflEE JOB. AEBLONAXITICS 

But r is the area of a circle described about the line of length 5 as a diameter. The 
apparent transverse mass per unit lengfii, then, of a lamina infinite in length and of width I is 
PIT > the same as for a circular cylinder of diameter 6 moving transversely. 

2. A second function, suggested by the first, is . . 

F=iAn e-'"'=^„ (sin nS+i cos nS) ..(20) 

where 8= cos & 
Therefore 

B,, . ne-*"* . TOcosaS,., nsinni 

^ = ■imT=' "iST^"^* ~?51" — " - --^^^^^ 
Hence - 

iPo'^-^ sin nSo [for points on the line joining { — 1,0) and ( + 1,0)] (22) 



. n sin nSa f„.s 

«'-=^» -^ir-^" - " - -■- - " "^^^^ 

Note that Uo is ho longer the same for all points of the line. 

For a line of length 6, stretching from (^\' ^ ^ (^'^\' ^ '^^ ^te, if we wish the 
same expressions for and as just found, 

1} 2 ^ 
F'^An 2 (sin nd+i cos nS), where cos S=^e (20') 



Therefore 



jp, • n cos nfi , . . n sin n5 

^=-^"-iirr+*^»-i!rr ---(21') 

«»o=A|sjn nSo (22') 



n cos nS, 

and 



Vo---d, gjj^j {23) 



«o = gj^g > where j = cos 5o , (24 ') 



In the formula, therefore, for the kinetic energy of the. flow 



and 



and 



dS=-dxa'° — ^ sin $o ^h, 
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The impulse per unit length required to create the flow is — p^o/ hence the total impulse is 
~pS'Pa taken over both sides of the line, L e., 

P=pJ^ .4„ I sin n5o . I sin M5o=pr (|) -4, 

since J* sin 7j5 • sin5v<26=0 unless n=l 

3. A more general case would then be a superposition of flows like the one last considered, 
described by 

F=i{A^(,z-i^T^-hA^ {z-i-^r^y + etc.) --(26) 

where it is assumed that it is possible to so choose the coefficients as to make the series inyolved 
convei^enfc. ObTiously, then, for points on the line connecting (— 1, 0) and (+ 1, 0), 

vi=Ai sin do+A, sin 55o+etc., where cos So=»Xo (27) 

_{4^+!.^£|i^+etc.l _._ ...„C28) 

t sinffo smog J 

A^^ gA^AnSS 

S 

Wot a line of length h, i. e., making cos So=-^ Xg 

^0=1 (^1 sin do + A, sin j85<, + etc.) _ (27') 

if Vo and Vg ^ hare the same forms as before. 
In the formula for the kinetic energy, then, 

J £' (A^ sin So +^ sin S«o + . . ) Ui sin +£Aj sin 2Sa + • • • ) dSo 

=1 X (I J iA,' +2A^* + ) (30) 

Therefore, not simply are the kinematic properties of the separate flows additive, but the 
energies also. 

The constants in the formula for F may be determined by varioiis physical specifications : 
a. Let the distribution of potential be known at all points of the line between (,—1,0) and 
(■■-1,0), the function having equal and opposite values at opposite points. 

Then it is possible to so choose coefficients that 9>o may be expressed as follows: 

Po=Ai sin Sg-i-Aj sin ;?io+etc. 

for, on multiplying both sides of the equation by sin nSo and integrating from 0 to t, 

<Po • sin n5o<?5o= {A^ sin 5o+.42 sin £8o-h • •) sin nSo • <Z5o= J^'-4„ sin* niodSa=^A, 

Hence 

<Po sin. nSodSo _ (31) 



and is therefore determined. These values of the A'a may then be substituted in the general 
function F. (Pot a line of length h, 

2 2 



in formula 27', etc.) 



A^'=^-'^\ sin 7i5o<?«o — (3 1') 
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(A better mode of expression would be to specify that the difference of potential between 
opposite points is kno^v^l for each point of the line. i. e., A*) is specified. Then expand ^ in 
a series -4; sin 5o + :.l3 sin ffio + etc.) 

b. Let the distribution of longitudinal velocity be specified at each point of the line of 
length 2, being equal and opposite at opposite points. 

We may then consider v„ sin S, as knovm at each point, and tliis can be expanded into a 
series 

Vo sin cos So+SA^ cos Sda + etc.) 

if the A's are given proper values, viz, since 

I'o sin So • cos nSo <?5o = - j] nA^ cos* nS^ <^«o = nA^- °° ^<> ' - - ^^2) 

and these values may be substituted in the function F in order to determine the flow at all 
points. > 

(These same values for the A's are to be used in the formulas for a line of length &.) 

c. Let the transverse velocity be specified at eadb. point of the line, having the same value 
at opposite points. Then sin So is known for each point, and this may be expanded into a 
series 

1/0 sin do=Ai sin So+;8.zl, sin ^8o + etc. 
by giving the coefficients proper values, viz, since 

«osinSo-sin nSod8o=J^ nJ„ sin* nSj <?So=| nJ„,.4„=^ «o sin 5o-sinr.So<Z5o---(33) 

These values may be substituted in F, etc. (These same values for the A's are to be used in the 
formulas for a line of length b.) 

The essential thing is that, if specification a, &, or c is made, the flow at all points in space 
may be deduced. 

4. If / (g) is a flow function and contains a parameter Xa, then / (2, Xo) Vg dxo is also a solu- 
tion of the equations if Uo is a function of Xo. Hence also 

F=j^^f(z,x„) UodXo - „ (34) 

is a solution, and 

V (a, Xo) «o dxo, where /'=|^ (35) 

A value of / {s, Xg) suggested by Munk is 

{log («« -c-»-) -log (6» -*»•)} (36) 

where cos 5=z and cos So=a;o. 

This solution Fmay be interpreted physically by deducing the meaning of each elementary 
term. 

A. siri So 1 1 I I-Xq^ 

ir sin S cos S- cos 60 vz—Xoyl—z* ^ ' 

where the negative sign is to be taken over tlie positive side of the line, and the positive sign on 
the other. There is evidently a singular point a1r2=aro. For points close to this — not neces- 
sarily on theline— /' = =F---^. Therefore an element of F', that is,/' «o dij, when applied 
to these points, has the value 

-^11 J -^1 n x-Xo—iy 
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If a small circle of radius r is drawn around the point -Xa, and the point x, y lies on it, r* = {x—Xo)^ 

+ 2/*. The velocity along the s-axis for points on the positive side of the line is- - dxg 

and the velocity along the y-asisis—^VadXo^; hence there is a radial velocity inward 

toward Xa, of the value - Vg dxg ■ y Therefore the total flow per second in through the semi- 
circle is puo dxo- Similarly there is an equal outward flow through the semicircle on the negative 
side of the line. 

This is equivalent, then, to there being a transverse velocity •Uo at all points of the element 
dxo, toward it on the positive side of the line and away from it on the otiiLer. This gives the 
physical meaning of Ug. 

The total function 

^--ris^V'^----- 

indicates the effect at a point z of a given distribution of transverse velocity, «„ being the down- 
ward velocity at the point Xo, on both sides of the line. The longitudinal velocity, due to this 
distribution, at a point x on the line is 



Interchanging symbols, the velocity at a point Xo on the line is 

...^ t»L±^M^ C30) 

J-l TX-Xg \ 1—Xo 

where u is the transverse velocity downward at the point x. 

For a point near the positive edge, write Xo=l—e where £ is small. Then since 

siQ5o = ^l-Xo- = -y,^, 

x(sin^^.)..-. J-T« - ^^^^ 

The flow, due to a single clement, is hown in Figure 8. 




Fia. 8.— Flow aromid a straight line creat«I by one element of the wine s«4 on 



K the line has the length 6 stretching between 



where 



(-|.0)and( + |.0)let 
F= f (z, Xo) «o dio 

J -6/2 

/=- {log (e»-e-«-) -log (c» -e»0} 



and cos 5=^2 and cos 3o=j Xg. This leads to a transverse downward velocity Ug at Xg, etc. 
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Finally 



I ^ 

V 

Two exjpressions have been deduced, therefore, for the flow due to an arbitrary distribution 
of transverse velocity over a line of length 5; 

1. (^,sin 5+j1, sin ;?3 + etc.) 
in which 

Aj,=-~ I Uo sin ho ' sin nSg • ibo 
m J, 

where cos 5=» ^ e and Ug is the transverse velocity downward at the point Vg. 

2. ^ is the real part of 

, / (a, x„) Uo dxo 
-bit 



in which 



These are, of course, mathematically identical. 
6. A flow of a different kind entirely is given by 

F=AoSia-^s (41) 

This makes 

An An 



and 



^-=5^--— — -- ----- (43) 



Therefore for points on the line between {—1,0) and 0), «=0 on bothsides of thelineand 
V is positive on the upper side and negative on the other. The flow is as indicated. 




Fia. 9— GiicubLthm flow around a stnlght Uoa 



F is a multiple valued function, its modulus being SirAo. For points on the line y = 0, 
beyond x = — I and z= +1, v=Ao sin~* x; consequently there is a difference of potential £icAo 
between two points lying on opposite sides of the line, since eacli line of flow incloses the origin. 
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This flow can not be produced by impnlsiTe pressures orer the line between s= —1 and 
x = +1, because the flow is everywhere parallel to the surface. It can be imagined produced 
by impulses over aU points of the line y=0, extending from one end of the line of length S, out 
to infinity. At aU points there is a potential difference SrAg; hence the downward impulse per 
unit length of the line required to generate the motion is SrAaP. But if the line of length £ 
be considered an airplane wing, and if it moves with a velocity V longitudinally, it must 
deliver to the air per second a momentum downward equal to the lift on the wing, L. There- 
fore since this momentum is imparted in going a distance V, the momentum imparted per 

unit length, i. e., the impulse per unit length, is ^> Hence 

^=StAoP • • • (Kutta's theorem) (44) 

or 



8tpV 

and, from (43) 



*«*'"5rpFCski 5o)».-. 

For a line of length 5, stretching from 0^ to ^+^' write 

F=^,sin-^(f «) (41') 



Hence 



A^^ A,^ 

" „ (420 



sinS 



As before, 
and therefore 



V^-(f^)' 

^=-SrAoP, 

^'*'=f:?Tp7(sL„),... 



In these formulas L is the lift per imit length along the infinite span, since the problem is treated 
as a two-dimensional one. 



AKGLE OF ATTACK AND LIFT WING SECnON THEOBT 



In discussing suitable combinations of types of flow for application to airplane wings, 
it is essential to include a circulation flow so as to secure lift, and also so to choose the types 
that the total flow divides exactly at the trailing edge. The condition for the latter is that 
"^eioe = 0. (Kutta was the first to state this condition.) 



A. STRAIGHT USE, ANGLE OF ATTACK a 



In order to introduce the angle of attack, consider the problem of the straight line of length 
S moving with a velocity F in a direction making the angle a with the line. The transverse 
velocity is Fsin a, and hence the flow is given by (13a) as 

F=Fsina-i-c-'« (46) 
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and the longitudinal velocity afrthe trailing edge is, bj (18), 

-Vsiaa f. i\ (47) 

(sin 0o)*._9 

Since a is small, Fcan also be taken as the flow function for a line inclined to the axis of x by an 
angle a having a velocity Fin the direction of the axis, v and u now referring to the lino of flight. 
(This approximation was proposed and used by Munk.) 

-/ *i 



V 

FlO. 10 

Due to a circulation flow around the line of length S, given by F= Ao sin~^ z, the longitudinal 
edge velocity is, from (45), 

L 1 
2vpV (sin 8o)j.-o 



PSa (48a) 



Hence, if Vidge^O due to the two flows, 

L rr • 

or 

i-^xpF* sin a _ (48) 

Introducing the area, S —2 since the span is one, and, writing a in place of sin a, 

giving a lift coefficient 

If the line has a length h, the two edge velocities are, by (180 and (45') > 
- ^'"^ « (sin ^""^ f ^ (sin 

Hence 

Z=;8TpP|sma (48') 

But S=l, and therefore, as before, 

L=;8ir|P5a (48'a) 

B. CURVED LINE, ZEBO ANGLE OF ATTACK; "A'PPAKENT" ANGLE OF ATTACK' 

-/ o +1 

Flfl. II 

If the wing is a thin cambered one, it is equivalent to a good approximation, to a curve 
which is the mean of the upper and lower curves of. the \ving section. Consider, then, the 
problem of the motion of such a curved line whose chord is the a;-axis, having a velocity F in 
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the negative direc'^ion of the chord. Let | be the ordinate of the curve at the point x. Any 
element of the curve is then moving with the angle of attack whose tangent is - Therefore, at 

this element the component of V do-wn-ward (i. e., as shown above, F sin a, or Va) is - F if the 

curvature is small. This is to be substituted in the formula previously deduced for the case 
of a variable transverse velocity along the chord, viz, for a chord of length 5, from (40) , 



1>eigi 



r (sm Soh.-o J-i dx\l-x 

This leads to a definition of the " mean apparent angle of attack, " viz, the angle of attack which 

a straight line, having a chord of equal length would have to possess in order to give this same 
value of edge velocity and therefore the same lift. Calling this angle a', the condition, then, is, 
from (47), 



— F sin a' 7-=— 



1 F f+I(if ll+lAr 



Hence 



irj-idx\l-x IT J_i (i-i) 

since for x=i, ^ = 0. 

For a line of length I, the angle of attack of each element and the component of velocity 
downward are as before and, from (40'), 



***'~5x(sinao),.-. J-jp dx 



1+i 



dx -■ (49') 



Hence 



Since for any given wing section | is specified as &f (x), these integrals may be evaluated and 
a' may be calculated. 

CONCLtlSION 

Considering the wing as one of infinite span, the lift on a cambered wing of chord c and area 
S, when at zero angle of attack, is 



where 



In this formula f is the ordinate from the chord to the mean curve of the upper and lower sur- 
faces of the wing section. 

(For simple methods of calculating a' from wing profiles, see N. A. C. A. Technical Note, 

122.) 
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PITCHING MOMENT AND CSNTBJt OF PRESSURE 



In the case of a straight line of length B moving with a velocity V at-an angle of attack a 
the monaent acting on it due to the air forces may be calculated at once from the general theorem 
already proved, viz: The moment equals the product of the velocity and the component, 
perpendicular to the velocity, of the momentum of the air flow. Such a line has a transverse 



Fig. 12 

mass T/s, and hence a momentum, perpendicular to. the line, of rp-V sin a. Its component 
perpendicular to the line of Fis then irp Fsin a*cos a; and therefore the pitching moment 
(clockwise), for imit span, is 

Jf^F*! Tsm;?a „ (61) 

or 

since a is small. 

The lift was found, (48), to have the value, for a wing of unit span, 
Hence the distance of the "center of pressure" from the center of the line is 

It is therefore independent of « and is 25% of-tibe length of the chord from the leading edge. 
For a line of length h the transverse mass is t p, and hence 

M=2t(^^1 P« (510 

Further, from (48'), 
Hence 

x-il" - <^^') 

i. e., the center of pressure is " at 25% and is independent of a. 

In the case of a curved line, in order to deduce the center of pressure, it is necessary to 
calculate the distribution of pressure over the line. By Bemouilli's theorem the pressure at any 

point equals C-| (velocity)' where Gia a constant. The general formula for the longitudinal 

velocity is, (see (28)) 

_ / . cos dp - . cos £So \ 

-\r' sTHa +^^» fflHA + •') 

This may be applied to any element of the curve, and is the velocity of the flow toward the tight; 
but since the curved line itself has a velocity F toward the left, the relative velocity between the 
air and the wing is V-i Vo or 



V { A ^0 I PA cos no \ 
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In squaring this, the squares of the A'smay be omitted, since in the integration given below the 
corresponding terms would disappear. Hence 

p+,r(A^;+«A^+...) 

The first two terms are the same for all points on both sides of the line and therefore produce no 
moment. The second t«rm gives equal and opposite values of p at two opposite points on the 
line, i. e., if it is a pressure on one side it will be a suction on the otherj therefore, the pitching 
moment (clockwise) for unit span, 

lf=;Sj ^ pxdx=^\ ^ p cos $0 sm So iSg, 

where x — cos 

-5FpJ^' Ui cos So+^A, cos 28o+ • • •) cos i«o=*Fp-^i|..._... .. ..(54) 

But the value of Ai in terms of the transverse velocity was found previously, (33), to be 

Ai-^^ J' Uc siD? So dSo 
In the case of an element of the curved line 

hence, for a wing of unit span, ' 

if = -£py^£ ^ sin* 8a (75, 

For a straight line having the same chord and the angle of attack a, the pitching moment was 
found to be 

so that, in order for the straight line to have the same moment as the curved line at zero angle 
of attack, the angle of attack of the former must be given by 



J-i -vT^ 
or 

r'-^dx..... (66) 

The lift of the straight line was found to be SrpV*ae; hence the lift of the curved line at 
angle of attack zero is, for unit span, 

L=i?xpF*«', or on substitution from (50), 

-''^n^rB^-- - 

S4S— set — 9 
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Hence the distance of .the center of pressure from the^ center of the chord is 

r°~f+^ ic[^r^ -- -- -~- -- — - -"- - 

Writing this fraction equal to h, the position of the center of pressure is given by ^-j^ %. 
If the length of the chord is h, the moment per unit length of the span is obviously 

For a straight line, by (51 ')j 
Therefore, 

L=2vpV^ I a', per unit length of span, or, from (50'), 



Hence . . 

M I Kb'') .I _.(58') 

It follows at once_.that the position of the center of pressure is given by 

^|(^-A)=-g- 

The case of two or more wing sections, combined to form a biplane or multiplane, when sur- 
rounded by a two-dimensional flow in a longitudinal vertical plane may be treated in the same 
way as a single section. Each section determines by its slope at each point a distribution of 
vertical and horizontal velocity. This distribution being known, the resultant moment can 
be determined; from Kutta's condition for the two trailing edges the lift can be deduced; and 
finally the center of pressure may be calculated. The mathematical difficulties are, however, 
great. ;i: 
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CONCLUSION 



Considering tJie wiiig as one of infinite span, the pitching moment acting on a cambered 
wing of chord e, per unit length of span, when at zero angle of attack, is 

where 

" «• W J-e/2 ~r 



and the ratio of the distance from the leading edge to the cent«r of pressure to. the length of 



the chord is ^-x^ 



where A= — 



For simple means of calculation, see N. A. C. A. Technical Note No. 122. 

INDUCED DBAO AND INDUCED ANGLE OF ATTACK 
A. INDUCED DOWNWASH 

In what has gone before we have considered only the two-dimensional flow in a vertical 
longitudinal plane; but this is only part of the motion, for it presupposes a wing of infinite 
span. If one views a finite wing from the front it is evident that, for many purposes, one may 
consider again the problem as that of a two-dimensional flow about a straight line, this time 
in a vertical transverse plane. The wing entos a stationary vertical layer of air and imparts 
to it a certain energy and momentum, this last giving rise to the lift. WMle it is passing through 
the layer it imparts to the air a certain velocity downward, and so is itself moving through air 
whose relative velocity is not in the direction of flight. This velocity downward, which modifies 
the direction of the relative velocity of the flow, is ctdled the "induced downwash" Its 



Fia. U 



effect is twofold. It evidently decreases the geometrical angle of attack ag by an angle whose 
tangent is or since is small compared with V, by an angle y • This is called the " induced " 
angle of attack, i. e., 

Oi'-y — (59) 

so that af = ag — ai • ' • 

Again, since the resultant force on the wing is perpendicular to the relative velocity, its 
direction is changed, thus giving rise to a component parallel to the direction of Sight but in an 
opposite direction. This component therefore opposes the motion of the wing, and is called 
the "induced" drag, to distinguish it from the ordinary drag due to the viscosity of the 
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air. The magnitude of the lift is not much aflEected by this change in the relative wind. It 
is evident from the geometry that if cZx is an element along the straight line representing the 
span and dDi and dL are the corresponding induced drag and lift, 

dDi^'^dL C60) 

It is iniportanC to determine the connection between v}, the induced down wash, and u, 
the final downward velocity in the vertical layers of air after the wing has passed tlirough. 
In one second the wii^ moves forward a distance Fraud therefore the kinetic energy imparted 
to the air in a layer of thickness. V equals the product of tibe downward impulse (i. e., dL in 

this case) by the mean of the initial and final downward velocity, viz, J*^ dL. Considered 

also in terms of the induced drag, this energy equals fVdVi which, from (60), equals y«' dL. 
Therefore 

u'=|-v.. (01) 

R MINIMUM INDUCED DBAG 

An important question in regard to the wing is: Assuming a definite total lift, what dis- 
tribution of the lift along the span -will give rise to a minimum induced drag? Or, calling 
do\vnward momentum imparted to the air in one second Q (i. e., the lift) and the kinetic enei^y 
T, what is the distribution of lift such that for a slight modification in the flow hT^O while 
= constant? Let there be a slight change in the flow brought about by the addition of a 
flow defined by a velocity potential <p. The impulse per unit length along the span required 
to produce this flow is —/>¥». Therefore the increase .in momentum would be —pfipdx 
along the span. This must equal zero, since 6 is constant. .. The impulse acts upon air already 

flowing downward with velocity «'=^ «» hence the increase in kinetic energy is the sum of 

two terms, —^pfuipdz and the energy of the added flow itself, which may be neglected 

since it is., proportional to the square of the added velocity, which may be assumed small. 

Hence, since iT=0, ^ pfv,(pdz=0. Therefore, to satisfy both conditions, tt=const. along 

the span, and the induced angle of attack is the same at all points. It ia easy to see that- this is 
the condition for a minimum (and not a maximum). (In the case of a biplane without stagger, 
the same condition of «= const, would be true over both wings.) 

In one second, the wing advances a distance Fand imparts, therefore, a downward velocity 
u, constant along the span, and a momentum equal to the lift. . Let Kp be the apparent trans- 
verse mass of the projection of the wing on a transverse vertical plane due to the flow in the 
plane (e. g., monoplane wing would give practically a straight line of length &, equal to the 
span) ; that is, it is the apparent transverse mass otii surface whose edge is the projection 
referred to and whose depth is unity. Since the surface described in one second as the wing 
advances a distance F has as its e<^e the projection mentioned and a depth F, the apparent 
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mass set in motion in one second is Kp F, and the momentum imparted in one second is 
KpVu This must equal the lift. Therefore 

(62) 

for the case of TniniTniTm induced drag. 

The kinetic energy imparted in one second is ^ KpY-u' and this must equal Di V; 
therefore, 



=— --(63) 

Further 



Since in the neighborhood of a TninimnTn^ properties change slowly, these values of 2?<.,. and at 
may be used for other cases of lift distribution also. 

The two dimensional flow in the transverse vertical plane about a line of length I equal 
to the span has already been discussed, viz, for the case of uniform velocity u downward at 
all points of the line, from (130 

Hence, for points on the line, 

The difference in the potential on the two sides of the line at a point a; is :8 ii | — x^t 

which corresponds to an impulse per omit length (along the chord) of pS -^l-^^ x^- 
See (la). 

In one second this unit length advances a distance Fand communicates a momentum Lyj where 
Li is the lift per unit length of the span; since this momentum is imparted over a length F, the 

momentum imparted per unit length is^^- Therefore 



g=i,=j8F«p|V^-(f «J=«F«p|sin So 



where 



Hence 



and therefore, on substituting for u its value in t«iins of L, 

dL 4^ sin 80 
dx xS 



.(65) 
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This particular distribution of lift along the span, corresponding to minimum induced drag, is 
called elliptical, because since 

cos do and 

the points (x, y) lie on a semiellipse. 

I* 

Returning to the values found for Df and the value of Kmay be substitued, viz, x 

Therefore — 

- - — — — -- (66) . 

The effective angle of attack varies from point to point along the span. It has been proved tliat 
for an element of the vdng, of area S, over which a is constant 

If Kg is the effective angle of attack for an element dx of the span, 

dL=2vj^ V^ocf-cdx where c is the chord 

Hence 

dL 1 



"3^ m p 



Therefore substituting for ^ from (65) 



sin «o (68) 

a«= - . _. .. 



Calling the geometrical angle of attack Og, it is evident that 

ae=ag — at 

Hence ' - ' 

sin So, L /" , tc \ 1(09) 



C GENEHAL CASE OF CAICDIATION OF INDUCED DRAG WHEN DISTRIBUTION OF LIFT ALONG THE SPAN IS KNOWN 

In case, however, that the induced downwash is nolncronstant along the span, the induced 
drag is not a minimum and the distribution of lift is not elliptical; so the formulas just deduced 
for cfj and do not hold.. For the case of a variable transverse velocity along the span use 
can be made of the general formula (27') 

6 2 
*>o=^ (-^i sin Sg+At sin • •)> where cos « 
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Hence the difference of potential bet-ween opposite points is 

h sin S0 + A2 sin 26^+ - -) 
and therefore, by the same argument as before, 

^=6 FpUi sin sin «5,+ • -) (70) 

Consequently, if ^ is specified at all points of the span, ^ may be expanded in a Four- 
ier's series and, the values of the constants being thus determined, the flow is known, etc. 
In this general case, by (29), 



, sinSo. s in ggp , . 

tt= A n=-r+^-^ ■ , +etc. 
* sm Oo sm Og 




and 



Further, since a(=^^i 

Dj=J ^ai-^dx=p J ( sin 5o + BA^ sin 2So + etc.) (^4^ sin + -^a sin 2Bo + etc.) dig 

=1 P (0 (4,» +£A^ +....) (72) 

(In the case of minimum induced drag, we found, (66) and preceding, the values 

Di , ^— — 

L=T«px(|J 

where u = in the general formula, i. e. 
and therefore 

6V 



which shows, since A^, J.,, etc., are small compared with A^, that -Dvbh„ — and therefore the 
corresponding a, — ^may be used even in the general case of variable downwash). 

D. EFFECT OF INDCCTION UPON UFT AND ROLLING MOMENTS 

The problem of deducing Z?( and a< has been solved, then, for the case when is given for 

all points of the span. Consider .now the problem of the angle of attack being known at each 
point, is there any simple plan form which will permit a solution 1 
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It has been proved that 

dL 

and that^ = & (A^ sin, So +^t ^ ^^o+ • • ■) 
Hence the general tmn. is 

b A„ si n nd, 
ire 



Further, the general term in at, as given in (71), is 



"*° gFain"a, -(74) 



Therefore one is a constant times the other if e is proportional to sin dg at each point of the span. 

t C 

For an ellipse of semiaxes ^ and j formed as the plan of the wing 



(I)' 



-2 + TVT* 



WW 

hence, since 

^ a! = cos do 
e=Gsia So 

Therefore such an eUiptical wing makes Og proportional to a<. 
Further, since the area -. 

-S=ir I • I ; 1^ 6 c=/S sin 5o. 

The same formula holds for a semiellipse. 

For such a plan form, then, the genetral terms are 

_ A„ sin n S„ 
^V-maSo^- 

and 

For the first term, i. e., n'=l 



ji-sin So 



and for the general case 



5» 

or 



+^)^sin«,+(l + ^)^sin«8,+ . . .j (75) 

SV' ^sin do • ag=(^l + ^ J, sin do+(l sin (76a) 
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Therefore, if is specified over tiie span of an elliptic wing, the Fourier expansion gives values- 
for the ^'s, and these may be substituted in the formulas previously found, viz: 

^=6 Yp sin + J., sin S 5, +etc.) 
ai= gylju^s (-^1 ^ So+2A, sin S5„ +etc.) 
Z?i= f P Qy Ui* +S A} +etc.) 

The entire lift 

So only the first term has any effect, and 

sin 5g dx 

-tt2 

or replacing sin by its value ^ ^ and by 



(since only the first term counts), 

Expressed in terms of the effective angle of attack, 



P -mi ^ f +5/2 

hence 



a. (77) 



£5 
1 



If there were no induction, would equal a^. So the effect of induction is to reduce ag in the 
ratio 1:1 + 

■T—'X-dx along the span. 

r-^ dL , . , i r+*^ <zi ■ 4,. j» 



Hence 



Therefore only the second t«rm i"!^* ^ven in (70), has any effect and, substituting in the 
original formiHa for If, 

sin aSyx-dx 

-tii 



128 EEPOBT NATIONAL ADVISOHY COMMBCCEE jrOH AEBOITATJTICS 

Further, using only the second term in (75a) for ag, 

2 V- ^ sin «o . «„= + ^)^, sin Sbo 



hence 



or, since 



2S 1 
At sin 2^0= -yr sin 

+ "ST 



TT C 1 

S sin S„='^bc, sin 28o = vV^ ^S'**' 



Consequently 



£ T/J 9^ 

if= 7«- c-X'Ogdx —.(78) 

/ A.^ J-"" 



Expressed in terms of effective angle of attack 



AL g. P T7- 



Therefore the rolling moment, by its original definition, 

2 j-ta 



hence 







and it is seen that so far as such moments are concerned, the effect of induction is to reduce. a« 



in the ratio 1 :^+^f ' 



E. NOTE CONCERNING BIPLANES 



Ti 

Since Z?j= where Kp is the apparent ma^ for a two-dimensional flow in tlie trans- 



verse plane; and, since, for a biplane, K is greater... than for a single wing, Z?< is less, other 
things being equal. Thus, if E applies to a biplane of a certain total area and span I, and 
to a monoplane of the same total area and of span &i, the lift is the same for the two, and 
if the induced dr^ is to be the same ... ... 



or if ....... 

^" • - 

The value of Z is known for different cotnbinations-of wings, and k may thus be deduced. 
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CONCLUSION 

For a wing of span h and diord c, the area being S, if Og is the geometrical angle of attack 

at a point x of tke span, 



i. e., the effect of induction on the lift is to reduce the effect of the angle of attack in the ratio 



The rolling moment 



i. e., the effect of induction on rolling moment is to reduce the effect of the angle of attack in 
the ratio 



The purpose of a theory of the action of a propeller is to combine with Froude's slip- 
stream theory a theory of the action of the elements of the blades as airfoils. These elements 
actually move along spiral paths; but it is possible to simplify the treatment by considering 
the blades as a single element of area S. Often one can treat the blades as ha-dng a definite 
section, and the blade area as concentrated at one point, say 70 per cent of the radius from the 
axis. In Munk's treatment of the subject he assumes that, as the flight velocity Fand the tip 
velocity Z7 of the blades are varied, the "shape" of the shp stream does not vary, althozigh its 
velocity v does. Under these circumstances v is obviously a linear function of Y and U so 
long as the aerodynamic properties of the blade elements remain unchanged. 

Under these circumstances, not simply can the efficiency of the propeller be calculated in 

terms of known quantities, but also a formula for ^ which enables one to compute the 

thrust for any value of ^• 

References. — ^Munk — ^Analysis of "W. F. Durand's and E. P. Lesley's Propeller Tests. 
N. A. C. A. Technical Report No. 175. Notes on Propeller Design. N. A. C. A. Technical 
Notes 91, 92, 93, 94. 

FEOUDE'S SUPSTEEAM THEOEY 

If the aircraft is moving with a velocity F through air otherwise at rest, the propeller sets 
in motion backward a slip-stream whose final mean velocity may be called v. The air actually 
passing through the propeller has already had imparted to it a portion of this velocity, and, by 
general principles of mechanics, this additional velocity may be proved to be approximately one- 
half of V. For, imagine the aircraft at rest — as in a wind-tmmel experiment — and placed in a 
stream of air having the velocity F. Let the propeller be revolving as usual, and let the velocity 
of the air through the propeller be called V+w. Let the final velocity of the slip-stream bo 
called V as above. If m is the mass of air passing per unit time, the thrust of the propeller is 
nw. This force acts on air moving with velocity V+w, hence the work done per unit time is 
mviV+w). This is equal tif the ihcre^e of the kinetic edeiig^ of the air, viz.: 





PROPELLER THEORY 
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Therefore 



2 



The mass passing the propeller disk per unit time is 



and therefore the thrust 



or 



7)2 1 ra^ 





^{l ^■^'-l=Cr (80) 



an absolute coefficient. 

If the ratio p. is small, Cr=y, or Ct; but this approximation can be used only for small 
values of Gr. 

THE SUP CURVE 

Since, as explained above, the assimiptions made justify one in writing « as a linear function 
of V, the velocity of flight, and of U ('=irnD), the tip velocity, we may write 



(81) 

where is the m^itude of the "relative" tip velocity for which the slip-stream velocity, 

V V 

and therefore the thrust, is zero. Therefore, if y-is plotted against y-, the result is a straight 

line. (If in any actual propeller test, this plot is not such a straight line, it proves that the 
assumptions made above do not hold for this test.) This prediction is well supported by actual 

tests. The curve is called the "slip curve "and m^=j^f or constant F)is called theshp modu- 
lus. In plotting the curves the experimental values are formed by writing 

V D 



1. 

V 



Mimk discusses these actual curves very fully in his papers. One consequence to be noted is 
that, as a result of tests already made, m is known for propellers of various types and of differ- 
ent blade width, and that its value does not differ greatly from one-eighth for ordinary 
propellers. Munk also shows how the effective pitch may be calculated. 

THE SUP MODULUS 

With certain assumptions, the slip moduliis may be calculated. Consider a propeller 
with narrow blades whose sections are "ideal" and whose pitch ratio is small. With such a 
propeller the influence of the sHp stream on the effective angle of attack may be neglected. 
Consider the total effective blade area S concentrated at the distance 0.7r from the axis. 
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For small angl^ of attack, the thrust (L e., the lift) r=J8irS ^ Via, where is the 
relative velocity of the air and a is the small angle of attack. This may he calculated as follows : 



7,»=P+Z7'»-F»{/ + (^'J] 



if U' is the tangential velocity of the propeller at the point where iS is considered^ i. e., U'=0.7 U. 
Let V'o be such a tangential velocity as causes zero thrust at velocity F. If tan^j equals 

-pj and if i7 is iiicreased slightly, the resulting angle of attack on the blade area 5 is 




(82) 

Therefore 



and 

Since Cr is small, it equals 8 y^so that y = ^ ^ But dV = 0. 7d TJ; and, since before 

the change d U, the thrust, and therefore v were zero, the slip stream which results from dJJls 
such thatt; = mdU = m 

«^'TU^-0.7§ - (83) 

V 

The fact that m is greater for propellers of greater mean blade width is confirmed by experiment. 
In the calculation given above it is assumed that the only change when the tip velocity is 

increased is d U'; but, as a matter of fact, there is an additional velocity at right angles to 

V 

which affects the angle of attack. Writing cot v> =--|5> 



r' dv 



"1^ +(^)H*'=^~r^ 

Further, 

dv = mdU = dU' 

Hence the angle of attack 

- (82a) 



and 



""^ '^"^ Y^:jwynrV - it) 

^^0.7^,(1- J y) 



1 32 EEPOHT NATIONAL, ADVISOBI. COMSIXTEE " FOR AEBONAUTICS 

The ratio y appearing here is the value at zero thnist, and this should be indicated by writing 



YJ ' Solving the equation for m, 



m = 



0.7^ 



1+ .85 



.(83a) 



The " nominal blade width ratio," is known for a propeller under test, and (^yj^ de- 

termined; so ™= may be calculated. (In one test, calculation gave 0,13, and observations 

of the slip curve gave O.ISS.) ■ 

Since this constant m may thus be considered known, y. may be calculated for any value of 

V 

-p. and therefore Or is known and hence T, tlie thrust. 

TORQUE 

The propeller efficiency is the ratio of TV to the power delivered, that is, to the product of 
the torque Q by w, tJbe angular velocity. 

TV 

But T = Cr • ^ • ^» and a new coefSicieut C« may be defined such that 
Then 



q = C<t.^.D^l^ (85) 



CtV a V 



The power delivered may be thought of as being spent in three ways: (1) As absorbed in thnist, 

y 

i. e., QiO)= TV, and therefore, since j?i = 1, the corresponding Gji = Cr- -jjl (2) as absorbed in 

V 2V 
buildilig up the slip stream, i. e., =- T-^t and, since ij, ~ ~^ ' corresponding 

V V n 

C«, = ' fj7 » (3) as absorbed by friction, etc. Hence its corresponding Ci, = Cq 

(a, + or = a, - Cr{l. + ^) ^- 

This is equivalent to a drag coefficient of the blades which may be calculated as follows: 
If is the effective blade area, placed at a distance (Llr from the axis, its tangential velocity is 

.7 ?7; therefore, calling the drag coefficient Cj>, the drag is Co S ^ (.7 i7)*, and the power spent 

in overcoming this is 

ftS I (.7J7)» (1717) 
This must equal ._ . 

= 01, \ 
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Therefore 



Co — . (J. T-r V J ~~r — (87) 



For actual propellers Munk states that Od = 0.025 approximately. 
If there Trere no frictional loses, the efficiency would equal 

TV TV 1 



Therefore 



V max — -■ (88) 

and, since CV is known in terms of j»i and Tis known in terms of Cr, this maximum efficiency 
may be expressed in terms of T. 

THE TORQUE SUP CUBVE 

The slip curve described previously is derived from knowledge of the thrust, and is 
therefore more useful in the discussion of data obtained from model tests than in the case of 
t€sts in actual flight, for in the latt-er the thrust is an indefinite quantity — so far as theory is con- 
cerned. The theoretical value of the slip modulus, m, is derived only by making obvious 
assumptions, and, rather than trying to improve the theory, it is better to compare the theoreti- 
cal value with observed values, obtdned from the study of actual slip curves for propellers in 
flight. Again, in studying the properties of different propellers in flight, it is better to start with 
the knowledge of the torque or power and to deduce a different type of slip curve, because the 
power is much more definite than the thrust. Further, propellers are designed to absorb a given 
horsepower at a certain number of revolutions. Consequently, Munk describes a new slip 
modulus referring to the torque as modified by the interference of the fuselage, etc 

Define a power coefficirat , . 

C^—T^—Z - (89) 

Hien, since 



and, since in the absence of viscosity the efficiency 

TV 1 

the "ideal" coefficient would have the value 

The actual coefficient is of course larger. Then in terms of the actual coefficients CV and Cr 
define a slip velocity v' by the equation 

C,= Cr(/+|^) - -(90) 
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In other words, v' is dOTived from the knowledge of the torque, as t> is from that of the thrust. 
v' is slightly greater than v. 

The curve of p plotted against y is called the " torque slip curve," and by studying the two 

curves, that of ^ and that of p-> for actual propellers in flight, knowledge may be obtained wluch 

will enable the better application of data from model tests. _ 

v' 

In order to obtain the values of from measured quantities, it is necessary to derive a relation 

between it and Op. From the two equations . :.. 

C,^{l ^y-l and C. (l 4 'y} ft 4 +2 (^9' +^ (^p) (91) 

In N. C. A. Report No. 183, Munk gives values of the solution of this equation, so that values 

v' 

of p. may be obtained, and then the corresponding torque slip curves. 




may be plotted. These may then be compared with the. thrust slip curves, 

in which ^ is obtained from a knowledge of 2*. 

Munk made a detailed study of the performance of certain propellers as published in the 
British IR. & M. Nos. 586 and 704, and deduced for comparative purposes the followmg 
data: . .. i . . . 

1. Curves for m and m'. _ 

2. Calculation of m from the theoretical formula, and the value of the correction factor 
-5^. (This varied from 0,97 to 1.13.) _. ... ..... ._ _ 

3. Mean effective angle of attack, at 0.7 radius, a=cof^ (^l^o' observed 

value. The difference is to be attributed to the effecl; of ..th.e camber of the blade section, and to 

the elastic torsion of the blades. _ . _ 

These formulas and test data are, of course, most important" in the study of sets of pro- 
pelkrs and of the same propeller when attached to different engines; but they also are of direct 
use to the engineer who wishes to design a new propeller. 



